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Dirac fermions and Weyl fermions

Dirac representation is reducible
1 1
RDirac : (57 0) @(07 5)

Weyl Representation: (3,0) or (0, 3)
» lrreducible representation
» Characterize by the eigenvalue of v5:+1

> Left handed & Right handed particles



Vector Theory vs. Chiral Theory

Vector Theory
» Left handed particles and right handed particles behave in the
same way(same interactions).
Chiral Theory

» Left handed and right handed don't have to behave in the
same way(they could have different form of interactions)



Chiral Gauge Theory

Weakly Coupled Chiral Gauge Theory
> Electroweak Theory — Perturbation expansion
Strongly Coupled Chiral Gauge Theory

» Potential Model for unknown Physics
— No systematic way of solution

> Lattice?



Chiral fermion on lattice

» Replace Dirac operator with GW operator:
{D,s} = aDvsD

» Chiral symmetry of lattice action S = fd_JDQ/):

Js = (1—aD)ys, ¥ — Ve, ¢ — ™y

- -1F4 1+
YR=Y 2757 YR = 2751/1

» D(therefore 45) is gauge field dependent in the overlap

formalism.

P. H. Ginsparg and K. G. Wilson (1982), H. Neuberger (1998)



Fermion measure problem for lattice chiral gauge theory

v

Any fermion determinant of chiral theory is defined up to a

complex phase.

/DJJLDIZ)L exp(¢LDy)
B det D using base 1 (x) = 3. &ui(x)
B detD-detQ  using base {u/} = >, u(x)Q;*

v

On lattice, the phase not only depends on which base you
choose, but also depends on gauge field back ground.

v

U(1) arbitrariness for each gauge field configuration.

v

How to determine the phase? — Fermion measure problem.



Decoupling the Mirror Fermions

The action of any vector theory can be written as:
S= SIight + Smirror

Light Sector

» A chiral gauge theory we wish to obtain at the end
Mirror Sector

» contains all fermions with the "wrong” chirality
Decoupling the mirror fermions

» Adding interactions in the mirror sector and hopefully all
fermions with the wrong chirality become heavy and disappear
in the IR limit



1-0 Model

v

Two dimension

v

U(1) lattice gauge theory
Yukawa-Higgs-GW-fermion Model

v

v

Study the mirror sector spectrum at fix gauge field
background A =10



1-0 Model

» Action

S = 5light + Smirror
Sight = —(A+-D1-Ay)—(X_-Do-X)
Smirror = SK - (A_, : D1 : A,) — ()Cr : DO . X+)

+Svuk.,Dirac + Syuk.,Maj

» Fields content of mirror sector:

Field | Q
A_ |1
X, | o

¢ | -1




Higgs field

» Unitary higgs Field:

p=re" |ng| <

» Action:

/f 2 Z 2[2 X x+u¢x+ﬂ =+ hC)]

Ux,X-i—ﬁ = IAM( )

» Small x phase — Higgs field correlated only over lattice

spacing — decoupled from long distance physics



Interactions

Include all kinds of terms consistent with the to be gauged
U(1) symmetry:

» Dirac type Yukawa interaction:

SYuk.7Dira<: = }/[(Af SQr- X+) + ()_<+ NoR A,)]
» Majorana type Yukawa interaction:

Syik.maj = YA(AT - ¢72 - X4) — (Xs - 20" - AT))]



Splitting the vector-like partition function in the fixed
gauge background

» S= SIight + Smirror — £ = ZIight + Zmirror

» Using definite-chirality eigenvector of 45 and s

Asuj = —ui, Asw; = w;

Y5V = Vi, Ysti = —t;

» General Dirac field W, can be decomposed into chiral

components

X—Za+v,x)+a ti(x), X—Z +a WT(X)



Splitting the vector-like partition function

> Mirror sector
Xp =3 Bhvi, Xy =3 BLullo]
A_ = Zloz"_t,-, A= zfd"_w;r[A]
> Light sector
X_=Y"py X = A wl[o]
A= S od Ay = Y alfA



Splitting the vector-like partition function

» Splitting of partition function

Z[Av Y h] leght[A] ZLmirror [Av Y, h]

1
A"
» Mirror partition function

Zmirror[A; y, h] = /dza_d25+d¢e_5mirror



Probing the spectrum of mirror sector

» What to measure: Photon vacuum polarization operator.

6%1In Zmirror [A]

mirror
™ (%) 6AL(x)0AL(y)

A=0

» Mirror partition function in certain gauge background

Zmirror[A;y7 h] - /dza_d2/8+dd)esmirror

» Splitting theorem: An Important trick

1

00

o S
510 Zymor[A] = In Zmimerl A+ OAT Z(éWT~W,-)+<550

Z mirror [A]

)



Polarization operator

anli'rror _ 5VJ;1V
+ (@ ol )(w] - (6,0,D + 6,P13,D) - t;)
+ (@ ol aka y(w!-0.D-t)(w) - 8,D-t)
+ 56" 8,8,U-9) +he)
2
%((df* +6uU - ¢) +he)((¢" - 0,U- ¢) +he,)
+ S UEL (9" 86,0 6) + he))C(w - 5,D - )

+

(1< v)]
— Y@ (W - 8,(PL8PL) - ¢ vy)



Continued

- yh(o‘z"_Bi(u;Wz " 0,(PL - PL)-wp))

— yl(w - 5,D - ty)(aL ol Gk (BL(w]o,P - ¢"v)
+hBL (ufy2 - 6" - 5,PT - wi))) + (n 4 V)]

+ yA[a B (w] - 6uPr 87 v) + ha B (ulr2- ¢ - 6, PT - wi)] x
[a% B (w) - ,Py - ¢*vi) + hak Bl (uf~2 - 6" 6,PT - wi)))©

= V(68U )+ el A - 5,Py - 57)
+ha B, (ufy2- 0% 6,P] - wi)))
+(p < v)}

E. Poppitz and Y. Shang, Int. J. Mod. Phys. A 25, 2761 (2010)



Small k behaviour of 177" and massless particles

If there is massless particle:
» Singularity at k = 0:

Suk? — Kk,
k2

i small k
nzﬁrror 2C

1
2CGs scalar =~ Ky 2Cch. ferm. ™ Z ~ 0.159

» Directional limit

f111(8) lkmo = C(1 — c0s2¢), 21(¢) [ks0 = —Csin2¢
No massless particles = No singular behaviour

smallk  kMkY — kg

ﬁ
p m2




Massless particle in 1-0 model
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Directional limit at k — 0 = Massless charged chiral fermions

M11(45°) = —M(45°) = C
Mi1(90°) = 2C

E. Poppitz and Y. Shang, Int. J. Mod. Phys. A 25, 2761 (2010)



Anomalies

Only depends on the representation of matter content
» Only massless particles can contribute to anomalies

Anomalous global symmetry

» Fine, sometimes can give information of the low energy

spectrum
Anomalous gauge symmetry

> No good=- Unphysical degrees of freedom will not decouple

S. Weinberg, The quantum theory of fields. Vol.2: Modern applications



t'Hooft anomaly matching conditions

» Global chiral symmetry represented by by elementary

fermions T,
» Anomaly constant Tr[{ T, T3} T,] is non-zero

» = Same symmetry represented by low energy bound state 7,

with same anomaly constant

Tr [{ja’jﬁ}jv] =Tr[{Ta, Tﬁ}T’Y]

S. Weinberg, The quantum theory of fields. Vol.2: Modern applications



t'Hooft anomaly matching conditions

Summarize

» High energy degrees of freedom are anomalous
= So will the low energy degrees of freedom

= Existence of massless bound states



Why massless particles in 1-0 Model

» Anomaly cancellation condition on lattice
2 2
S Y=o
L R

» Matter content of 1-0 Model(Anomalous)

Field | Q
A_ |1
Xy |0

= Massless low energy bound states



3-4-5 Model

» Field content.

Field | Q
A_ |3
B |4
C. |5
X, | o

o | -1

> Anomaly cancellation condition
2 2
242 q=0
L R

= 3-4-5 model is anomaly free



Action

S = Sight + Smirror
Sight = —(Ay-D3-Ay)—(By-Ds-By)—(Co-Ds-C)
—(X_ - Do~ X_)
Smiror = Sk —(A_-D3-A_)—(B_-Dy-B_)—(Cs-Ds-Cy)
—(X4 - Do - X1) + Svyuk.,Dirac + Svik.,Maj



Mirror sector interactions

» Break all mirror sector global symmetries explicitly except the
to-be-gauged U(1)

Syuk.,Dirac

Svyuk.,Maj.

y30A- X107 + yaoB_ X ¢~* + y3sA_C, ¢
+yasB_Ci ¢+ y30 X A_9® + yao X, B_¢*
+y35CLA_¢ 2 + yas C B_p7 L

h3oAT 12 X1 4% + hao BT 12 X4 6" + h3s AT 72 Cy ¢
+hysBT v, Cy ¢°

—h3o X1 72AL ¢ — haoX 2Bl 7%
—h3sCi72AT 78 — hysCiyaBT 70



Polarization tensor of 3-4-5 model

M = 8,GE+ 505+ 55
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Continues
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Continues again. ~ 3000 lines of code
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How do we know we did something right?

» Transversality of I,
1. Gauge invariance =+ V - T, =0

27

2. Lattice version in momentum space: }_ (1 —e™™ k), =0

» Very strong condition



Massless particle?

> Massless particle

ﬁ11(¢) |kﬁo = C(]. — COS2¢)

1 & 2
2Cch.ferm. =~ ng ~ 0159q2 ol

» No massless particle

= smallk KMk — k?ghv
|_|/W

m?2




Another group of coupling constants for 3-4-5 model

8 x 8 lattice 10 x 10 lattice




Interpretation of the result

» Discontinuity C =50 x 2= = (3% + 42 + 5%) Ccp. ferm.-
» Spectrum has to be anomaly free:

1. Chiral 3_, 4_, 5, massless fermions.
2. Vectorlike 5_, 5 massless fermions (5_ could be a bound
state of ¢ x 4_).



Summary and Conclusion

> An anomaly free model is studied to test the idea of

decoupling the mirror fermions

» No argument can be made about the low energy spectrum of

anomaly free model from symmetry point of view.

» Numerical simulation suggests non-analytic behavior of I, at
k=0,

» There is still massless particle in the mirror sector therefore it

does not decouple from the light sector .



